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Abstract. We give the graded Cartan determinants of the symmetric groups. Based on 
"^q" . it, we propose a gradation of Hill's conjecture which is equivalent to Kulshammer-Olsson- 

I ' Robinson's conjecture on the generalized Cartan invariants of the symmetric groups. 
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1. Introduction 

Let 0o be a finite-dimensional simple simply-laced complex Lie algebra. The purpose 
of this paper is to give the Shapovalov determinants of the basic representation ^(A ) of 
the untwisted quantum affmization U v (g ) weight space wise (see Theorem I5.6P and apply 
them to the graded representation theory of the symmetric groups (see §|6]and JO). 

1.1. Kashiwara's problem on the specialization for quantum groups. The mo- 
tivation of this paper comes from a problem of Kashiwara. Let q be a symmetrizable 
Kac-Moody Lie algebra and let A G V + be a dominant integral weight. In |Kas[ Problem 
2], Kashiwara asks at which specialization v — £ G C x (see Remark I4.14p the integrable 
highest weight U v (Q)-modu\e V(X) remains irreducible. When g is a finite-dimensional 
simple complex Lie algebra, it is known that the specialized module remains irreducible 
if £ is not a root of unity |APW| Theorem 6.4]. More precisely, for an £-th root of unity 
£ = exp(^-y^i) where £ > 1, the specialized [Z,,(g) |„ = g-module V(X)\ V= ^ is irreducible if 
£ < (a, A) for any positive root a G A + of q |APWl Theorem 6.7]. 

When q is an affine Kac-Moody Lie algebra, almost nothing is known about Kashiwara's 
. problem. Chari-Jing proved that the specialized U v (Q Q )\ v= ^-modvL\e V(A )\ V= ^ is irre- 

ducible if £ is not a root of unity. More precisely, for an £-th root of unity £ = exp(^y^) 
where £ > 1, if £ is coprime to the Coxeter number N of Qq, then the specialized module 
^ is irreducible |CJj Theorem 4]. Recall that N = n (resp. 2(m — 1), 12, 18, 30) when g is 

of type A n _i for n > 2 (resp. D m for m > 4, E 6 , E 7 , E 8 ). The main result of this paper 
(Theorem 15. 6j) gives an answer to Kashiwara's problem when = g o and A is level 1. 



in 
oo 



Theorem 1.1. Let g be a finite- dimensional simple simply-laced complex Lie algebra of 
type X. Then, for £ > 1 the specialized U v (g )\ _ , 2 nV=T -,-module ^(A )| _ ^ s 

irreducible if and only if 

(a) gcd(£, 2n) = 1, 2 when X = A n _ x for n>2, 

(b) £ 4Z (resp. 3Z, £ 4Z, £ 60z) when X = D n for n > 4 (resp. E 6 , E 7 , E 8 ). 
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1.2. Graded Cartan determinants. Recently, Khovanov-Lauda and Rouquier inde- 
pendently introduced a remarkable family of algebras (the KLR algebras) that categori- 
fies the negative half of the quantized enveloping algebras associated with symmetrizable 
Kac- Moody Lie algebras |KL1| |KL2| IRouj (see Definition 16. 7p . An application of the KLR 
algebras is the homogeneous presentation of the symmetric group algebras \BK2\ IRou] 
(see Theorem I6.15P which quantize |BK1] Ariki's categorification of the Kostant Z-form 
of the basic s[ p -module V(A ) Z = ® n>0 K (Proj(F p (5 n )). Since the Shapovalov-like form 
(see Proposition I4.8P on the left hand side and the graded Cartan pairing on the right 
hand side are compatible [BK3] (see Theorem 16. 16[) . the main result of this paper (Theo- 
rem I5.6p can be interpreted as the graded Cartan determinants of the symmetric groups. 
The story is also valid for its g-analog, the Iwahori-Hecke algebra of type A (see §6.4p . 

Theorem 1.2. Let p > 2 be a prime number (resp. p > 2 an arbitrary integer). Then, the 
graded Cartan determinant of a block of the symmetric group algebra over characteristic p 
(resp. the Iwahori-Hecke algebra of type A over quantum characteristic p) whose p-weight 
is d is given by Y\ i s= i[p\s v ' d ' s where 

at ST m *( A ) TT fm u (X)+p-2\ \ ^ / \ \ 

AePar(d) * u>l V «W / (AiJ^ePa^-xW 

For the notations on partitions, see Notations in the end o/§i. 

In virtue of the classical results of the modular representation theory of finite groups, 
the Cartan determinant (see Definition 16. ip of (a block of) a group algebra of a finite 
group G over characteristic p > 2 is a power of p |Braj Theorem 1] and its degree reflects 
p-defects of p-regular conjugacy classes of G [BrNel Part III, §16] (see Theorem 17. 6p . Based 



on Olsson's calculation of p-defects of the symmetric groups [Ols] . Bessenrodt-Olsson gave 
an explicit formula for the Cartan determinants of (a block of) a symmetric group algebra 
over characteristic p in terms of generating functions [B01, Theorem 3.3, Theorem 3.4]. 

On the other hand, Brundan-Kleshchev arrived at the same formula by a different 
method [BKJ1 Corollary 1]. They utilized Ariki's categorification and turned the calcu- 
lation of the p-Cartan determinants of the symmetric groups into the calculation of the 
Shapovalov determinants of the basic 5l p -module V(Aq). Their block-theory-free method 
has an advantage in that it is applicable to the Iwahori-Hecke algebra of type A. In fact, 
Brundan-Kleshchev settled affirmatively the conjecture of Mathas that the Cartan deter- 
minants of (a block of) the Iwahori-Hecke algebra of type A over quantum characteristic 
£ is a power of I for arbitrary I > 2 (see [Donj ). 

Theorem II .21 (and Theorem 15.61) can be seen a gradation of Brundan-Kleshchev' s result 
and our method is similar to theirs. A difference is that we use a bi-additive form that 
obeys a rule slightly different from that of the Shapovalov form (see Proposition 14.81) . 

We remark that Brundan-Kleshchev also calculated the Shapovalov determinants of the 
basic module over a twisted afnnization of g . Although our method should be applicable 
in the quantum setting, there are some obstructions to overcome (see Remark 15. 111) . We 
discuss them and give a conjectural Shapovalov determinants (see Conjecture 15.131) . 

Recently, the authors |KKTj introduced a superversion of the KLR algebras which they 
call quiver Hecke superalgebras and showed "Morita superequivalence" between the spin 
symmetric group algebras and quiver Hecke superalgebras [KKT| Theorem 5.4]. From 
the results of |BK5l ITsuj . it is expected that the quiver Hecke superalgebras categorify 
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the quantum groups (see also |HWj ) and through this the Shapovalov determinants of 
the basic module of U^A^l-^ for odd prime p > 3 coincides with the graded Cartan 
determinants of the spin symmetric group algebras. 

1.3. Kulshammer-Olsson- Robinson's conjecture and graded Cartan invariants. 

Based on an observation that combinatorial notions for partitions (such as p-cores) that 
appear in the description of the p-modular representation-theoretic invariants of the sym- 
metric groups make sense when p is not a prime, Kulshammer-Olsson-Robinson initi- 
ated the study of "^-modular representations of the symmetric groups" for arbitrary 
£ > 2 [KOR] . 

Their main result is a generalization of Nakayama-Brauer-Robinson classification of 
the p-blocks of & n for an any £ > 2 [KOR, Theorem 5.13] (see Theorem I7.4p . Based 
on it, they gave a conjectural generalization of the Cartan invariants of the symmetric 
groups for an arbitrary £ > 2 |KOR| Conjecture 6.4] (see Conjecture 17.101 which we call 
the KOR conjecture for short). As an evidence, they checked that their invariants gives 
a generalized Cartan determinant calculated by Brundan-Kleshchev |BK4j . 

Hill settled affirmatively the KOR conjecture for any £ > 2 such that each prime factor 
p of £ divides £ at most p times |Hilt Theorem 1.3]. In his course of proof, Hill gave a 
conjecture |Hilt Conjecture 10.5] (see Conjecture 17. 14[) . Hill's conjecture and the KOR 
conjecture are equivalent in virtue of |BH] (see Corollary 17. 16p . 

As graded Cartan determinants calculated in this paper, it is reasonable to expect that 
a proof of Hill's conjecture similarly works in a graded setting. Motivated by this, we 
propose a gradation of Hill's conjecture (see Conjecture l7.17p . As a support, we check that 
Conjecture 17.171 is compatible with the graded Cartan determinants (see Theorem I7.20p . 
The proof itself may be of interest. We expect that our gradation is correct and gives an 
insight to future trials of the proof of Hill's conjecture (and thus the KOR conjecture). 

Notations. N = Z>o (resp. N + = Z>i) means the set of non-negative (resp. positive) 
integers. We denote the empty partition by and reserve the symbol for the empty 
set. For a partition A = (Ai,A 2 ,---), we define m k (X) — \{i > 1 | Aj = k}\ for k > 1. 
We also define |A| = J2i>i^i an d — J2i>i m iW- We denote by Par(n) the set of 
partitions of n > and define Par = |_l n>0 Par(n). For m, n > 0, we denote by Par m (n) 
the multipartitions of n, i.e., Par m (n) = {(\ i ) T [L 1 G Par™ | Y^iLi I'M = n ) an d put 
u(m,n) = |Par m (n)|. Note that w(0,0) = 1 and u(0, n) — for n > 1. 

Organization of the paper In §2, we develop a linear algebra for Gram determinants. 
In §3, we review the boson-fermion correspondence and deduce the existence of a bi- 
additive form we need. In §4, we give a brief review on quantum groups. In §5, we 
calculate the Shapovalov determinants of the basic representations of the untwisted affine 
A,D,E quantum groups and in §6 using the KLR algebras we interpret it as graded Cartan 
determinants of the symmetric groups and its Iwahori-Hecke akgebras. Finally, in §7 we 
propose a gradation on Hill's conjecture and make some justifications. 

Acknowledgements. The content of §7 is benefited from the discussion with Yasuhide 
Numata. The author would like to thank him and also would like to thank Hiraku Naka- 
jima and Yoshiyuki Kimura for discussions on quantum groups. The author is grateful to 
Hiro-Fumi Yamada. Without his encouragement and their paper [ASY] , this paper would 
not have been written. 
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2. Linear Algebra on Gram determinants 

Let k be a field and let V be a k-vector space. We say that a map B : V x V — > k 
is bi-additive if we have B{w\ + w 2 ,w) = B{wi,w) + B(w 2 ,w) and B(w,wi + w 2 ) = 
B(w,Wi) + B(w,w 2 ) for all w,Wi,w 2 G V. The radical Rad(£>) of a bi-additive map 5 is 
defined to be one of the following two additive subgroups of V 

{wx G V | Vw 2 G V, B(w u w 2 ) = 0}, {w 2 G V | V^i G V, B(w u w 2 ) = 0} 

if they are equal (otherwise, we do not define Rad(B)). We say that a bi-additive map B 
is non-degenerate if Rad(B) is defined and Rad(B) = 0. 

Definition 2.1. Lei (k, r, V, 5, V^) 6e a 6-tuple such that 

(a) k is a /ieZd wift a rin^ involution r : k k, 

(b) srf is a subring of k such that r(=e/) C 

(c) V is a finite dimensional k-vector space, 

(d) zs an -lattice of V, i.e., V s * is a free .g/ -module with an isomorphism k ®^ 
V*-^V, 

(e) S : VxV — > k is a bi-additive non- degenerate map such that S(awi,w 2 ) = r(a)S(wi,w 2 ) 
and S(wi, aw 2 ) = aS(wi, w 2 ) for all wi, w 2 G V and a G k. 

To such a 6-tuple, we define the Gram matrix GM k r ^(V, S, V^) = (S(uUi, «^))i<i,j<diniV 
and define the Gram determinant Gdk,rxC^> ^ V ) = det GMk jTi<e ^(V, S 1 , V ) where (ti>j)i<j<dim v 
zs an =2/ -basis of . 

Let X and F are two Gram matrices associated with two choices of si '-bases of . 
Clearly, there exists P G GL dim y(^/) such that X = r( tr P)YP. Thus, Gd kiT ^(V, S, V s *) 
is uniquely determined as an element of k x /{ar(a) | a G £/ x }. 

The following comparison result is based on [BK4, §5]. 

Proposition 2.2. Let I be a finite set and let k be a field. We regard a polynomial ring 
V = k[yn | i G I, n > 1] as a graded h-algebra via degy^ = n and denote by Vd the 
k-vector subspace ofV consisting of homogeneous elements of degree d for d > 0. Assume 
char k = and we are given the following data. 

(a) a subring &/ofk and a ring involution t : k^4-k such that r(srf) C 

(b) a family of invertible matrices A = (A^) m >i where A^ = (o^)i,jei G GLj(s/ T ), 

(c) () two bi-additive non- degenerate maps (, )g, (, )k '■ V x V — > k suc/i £/iai 

• (af,9)x = r(a)(f,g) x , {f,ag)x = a(f,g}x and {f,g}x = r((g,f} x ) 
. (1,1) s = (1,1) K and(my$f,g) s = (/,£ a^^s, (my®f,g) K = 
for X G {S, K} and f,geV,aek,m>l, 

(d) a family of new variables (x$)iei, such that i„' — y$ G \c[y$ | 1 < m < n] fl V n . 

n>l 

Then, in k x /{ar(a) | a G ^ x } we have 

Gd k , rX (y d , (, > s , V/)/Gd k , T ^(V d , (, V/) = A d (A) 

for any d > where Vf = fl | « G /, n > 1] and 

d 

Arf(A) = 1 |(det A {S) )^ XeP *' (d > ^^ U ->1 I muW ). 

s=l 
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Proof. Firstly, we note that in virtue of (jHJ) we have V = k[xn \ i € I,n > 1]. Thus, Vf 
is an ^-lattice of Vd- 

From now on, we fix a total ordering on I and define 

fi(A) = {(ii, ■ ■ ■ ,i/(Aj) e J £(A) | Aj = X j+ i ij > 
for A G Par and put Q d = {(A, i) | A G Par(d),i G ft (A)} for d > 0. 

We define a family of new variables Zn = Y^jei a ^Vn f° r * ^ and n>l. Then, we 
see that for any d > 

• ■= ni=14l fc) }(A, 4 ) G n d is an i^-basis of Vf, 

• ivf ■= n£i 2/t fc) }(A,i)efi d and {4° := EliE! 4* k) }(A,i)6n d are k-basis of V* 
We show for any A G Par by induction on I := £(X) > that we have 

(2.1) Vi G n(A),V/ G V, (y«,/) s = 

It is clear by (jcj) when £ = and assume that (12.1 p holds for any A with £(A) < Put 
j = (z 2 , • • • , i<) and /i = (A 2 , • • • , A^) and (12 .lj) is proved as follows. 



We note that Gd k)Ti ^(F d , (, ) s , V/) = detM 5 and Gd Kr ^(V d , (, Vf) = det M K 

where M 5 = ((x[ l) ,x^) s )(x,i),(u.,j)ea d and M x = ({x { {\ x^} K ) (x ,i),(^j)en d - 
Let P G GL fid (k) and Q G GL Q(J (^ r ) by 

In virtue of (12. ip . we have 

M 5 = r(P)((^ ) ,x(f)) s ) (v)i( , j)end = T(P)((z%\xW) K ) {XM „ J)e n d , 

M K = r{P){( V f,xf) K ) {xM ^ )end = r{P)Q-\(zf,xf) K ) {xM ^ r 

Thus, we have Ms = t(P)Qt(P)^ 1 Mk and it is enough to show that det Q = A d . 

It is easily seen that q x j} = for (A, i), G Qd with A ^ //. Since (q xx )i,jen(X) is 
identified with <8>$>i 

Sym mt(A) (AW), we have 
detQ= J] det((g^ ) ) i , i6Q( A)) = J] det(® t >! Sym"^(^)). 

AePar(d) AgPar(d) 

Apply Lemma [2.31 which is an easy linear algebra exercise, we get 

detg= n n det ( s y mmt(A) (^ w )) n ^ tdimsymmu<A)(fc/) 

AePar(d) t>l 

= n n(^( AW )) (Wrl)IWii 

AePar(d) t>l 

Si-e ('^r 1 ) C 11 ^- 1 ) = ^ lL C 11 ^- 1 ) > we have detQ = A d . □ 
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Lemma 2.3. Let k be a field. 

(a) Let V be an n- dimensional h-vector space and let f G Endk(V). Form > 0, we have 

dim Sym m V = ( " + ™ ~~ 1 Y det Sym m / = (det /) *) . 
\ m J 

(b) For an i-tuple of matrices (B''')i<j<i wift £?W G Mat n .(k), we have det(®f =1 -E?W) = 

3. BOSON-FERMION CORRESPONDENCE 

Definition 3.1. Let R be a commutative ring with 1. 

(a) The fermionic Fock space JFr = R® sm over R is a free R-module with a basis con- 
sisting of all semi-infinite monomials 

SIM := {ii Ai 2 A ■ • • | V7c > l,i k > i k +i and > 0, VA; > N, i k = z fc -i - !}■ 

(b) The bosonic Fock space Br over R is a polynomial ring R{v, v _1 , 2/1, y 2 , ■ ■ ■ ] ■ 

For m G Z, we denote by \m) the vacuum vector of charge m, i.e., \m) = m A (m — 
1) A • • • G SIM. We say that a semi- infinite monomial i\ A i 2 A • • • G SIM is of charge m if 
it differs from \m) only at a finite number of places, i.e., there exists N > such that we 
have i k = m + 1 — k for all k > N. 

Recall that for j G Z a creation operator ^ G Endj^J-R) and an annihilation operator 
ipj G End^(J r fi) are defined as follows where we regard zq as +oo. 



ipj («i A «2 A • • • ) 



3s > 1, j = i s , 

(-1) S Z! A ■ ■ ■ A z s A j A i s+1 A ■ ■ ■ 3s > 0, i s > j > i s+l , 



jV ; \(-l) s+1 i 1 A---Ai s _ 1 Ai s+1 A--- 3s>l,2 s =j. 

Remark 3.2. For any s, t G SIM and j G Z, we have t/>j(s) = t if and only if ip*(t) = s. 

Remark 3.3. Br has a natural structure of module over the Heisenberg algebra ^r := 

mo~m+n,o) /?-aig through the assignment of linear operators 

d d 
"o = v—, a k = — , a_ k = ky k 
ov dy k 

where k > 1. On the other hand, bosonization turns Tr into an module where I ^ 

Definition 3.4. For a partition A G Par, the Schur function s\ G Q [2/1,2/25 • ' '] i> s defined 
as s x = det(x Al -i+j)i<ij<|A| where x m = 5 mfi form<0 and 

(3.1) 1 + 5> n z" = exp(^2/^ n ). 

n>l n>l 

Proposition 3.5 ( |Kacl §14.10]). Let k be a field of characteristic 0. 

(i) There exists a unique Ji^-module isomorphism 0"k : J-k^^Sk such that a^(\m)) = 
v m for any m G Z. 



GRADED CARTAN DETERMINANTS OF THE SYMMETRIC GROUPS 7 

(ii) For any m G Z and i = ii A «2 A • • - G SIM of charge m, we have cr k (i) = v m s\^ 
where X(i) — (ii — m, %i — (m — 1), • • •) G Par. 

Corollary 3.6 ( [DcKKt Theorem 2]). Let k be afield of characteristic 0. Define a family 
of new variables (x„) n >i by 113.1}) and put B% = Z[i>, v~ 1 ,Xx,X2, ■ ■ -](C i3 k ). T/ien, £/ie 
restriction o~% = o^t-i induces an M^-module isomorphism o~z : .Fz -^-8%. 

Corollary 3.7. Let k be a field. We regard a polynomial ring V = k[yi,y2, ■ ■ ■} as a 
graded k-algebra via degy n = n and denote by Vd the k-vector subspace of V consisting 
of homogeneous elements of degree d for d > 0. Assume chark = and take a ring 
involution r : k k. 

(a) There exists a unique bi-additive non- degenerate map (, )k '■ V x V — > k such that 

(i) {af,g)K = r(a){f,g) K , {f,ag) K = a{f,g) K and (f,g} K = r{(gJ) K ), 

(ii) (1, 1) K = 1 and (my$f, g) K = (f, -%) K , 

for any f,gEV and a G k. 

(b) Let be a subring o/k such that t(&/) C stf ' . We choose an -lattice Vf ofVd by 
Vf = Vd n £?[x n | n > 1] for d > where (x n )n>i is defined in terms of (y n )n>i via 
/ TO) . Then, for all d> we /jave Gd k>rX (V r d , (,)#, V/) = 1 znk x /{ar(a) | a G &/ x }. 

Proof, (a) Uniqueness is clear and we prove the existence. We introduce a bi-additive 
non-degenerate map (, ) : 7" k x J" k -> k as (X^esiM a s ' s > XlteSiM bft) = Y,ueS\u T ( a u)b u - 
Let J-^ " 1 be the k-subspace of spanned by {s G SIM | s is of charge 0}. Then, cx k | (0 ) : 

carries (, )| jr ( ) xjr (o) on J^ 0) into the desired map (, ) K on V because of 
Remark 13.21 and Remark 13.31 

(b) It is well-known that {s\ | A G Par} forms a Z-basis of V 7 ' := 1\_xi,X2, ■ ■ • ] Q V. From 
the construction of (, )k above, it is clear that {s\ | A G Par} is orthonormal on V z (and 
thus a/ <g> □ 

Corollary 3.8. In i/ie setting of Proposition [O), we may take /ori G / andn > 1 by 

i+x;^ B =«p(E^ n )- 

n>l n>l 

T/^en, we W Gd k , rX (^, (, > s , V/) = A d (A). 

4. Quantum groups and Shapovalov forms 

Let v be an indeterminate. In the rest of the paper, we work in the field k = Q(v ) and 
its subring s$ = 7*[v,v ]. We consider two ring involution of k. One is the identity map 
id k and the other is a Q-algebra involution r : k — > k which maps v to v" 1 . 

4.1. Quantum groups. Let A = (aij)i,jei De a symmetrizable GCM and take the sym- 
metrization d = {dA i&I of A, i.e., a unique d G such that t^oy = djaji for all i, j El 
and gcd(c?i)i 6 / = 1. We take a Cartan data (V, V y , IT, il v ) in the following sense. 

(a) V y is a free Z- module of rank (2|J| — rank A) and T 3 = Homz("P v , Z), 

(b) il v = {/ii | 2 G J} is a Z-linearly independent subset of P v , 

(c) IT = {oj | i G /} is a Z-linearly independent subset of P, 

(d) oij{hj) = ciij for all z, j G I. 
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We denote by V + the set of dominant integral weights {A G V | Vz G I,X(hi) G N}. 
For each i G /, Aj G P 4 " is a dominant integral weight determined modulo the subgroup 
{A G V | Vi G /, A(^) = 0}(C by the condition A^hj) = for all j G I. 

Recall that the Weyl group W = W(A) is a subgroup of GL(f)*) generated by {sj : 

f)* ^> ff, A i — >■ A - \{hi)oii \ iel} and that W also acts on V(Q f)*). 

In the following, we use the usual abberiviation such as v j = t> d % [n]^ = Efc=i t>( n+1 ~ 2A; )^ 
W«! — Ffl 1 k^ta and |~ n l . = r , J^' ! , , for i E I and n > m > 0. 

Definition 4.1. TTie quantum group U v = U V (A) is an associative k-algebra with 1 gen- 
erated by {ej, fi | i G J} U | /i G P v } rai/i t/ie following definition relations. 

(a) t>° = 1 and v h v h = v h+h ' for any h, h! G V, 

(b) v~ h eiV h = v ai ^Ci,v~ h fiV h = v~ ai( - hS) fi for any i G I and h G V, 

(c) ei/j- - /j-ej = <%(AT; - ATr 1 )/^ - ^r 1 ) for any i,j G J, 

(d) Eto W (- 1 ) fce ? )e i e i 1 ~° w ~ fc) = /° r an ?/ hJ ^ I with 1 + 3, 

(e) Eto*(-l)*^* ) /i/< (1_atf "* ) = /or any i,jEl with i ± j, 
where K { = v dih \ Vi = v dl and e^ = e"/[n] d .!, /> n ^ = /"/[n]^!. 

Remark 4.2. [/„ has k-antiinvolution cr and Q-antiinvolution f2, T defined by 

o-(ei) = fi, a(fi) = e u a(v h ) = v h , 

fi(ei) = = ei, fi(^) = v-\ Q(v) = v~\ 

T(e l ) = v l f l K-\ T(f i )=vr 1 K i e i , T{v h )=v'\ T(«) = tT 1 . 

Proposition 4.3 ([Lull §3.2]). Define the three k-subalgebras U^,U® of U v by 

U+ = { ei \iel), u- = (fi\iel), U° v = (v h \heV). 

(a) the canonical map U~ ®k U® ®y_ £7+ — >■ U v is a \a-vector space isomorphism, 

(b) U® is canonically isomorphic to the group h-algebra k["P]. 

Definition 4.4. We define the following two maps both are assured by Proposition \4-%\ 

(a) the Harish- Chandra projection HC : U v — > which is a \i-linear projector from 

U v = US © ((£ i6/ Wv) + (£«=/ Vi*)) to 

(b) the evaluation map ev\ : U% — y k which is an h-algebra homomorphism determined by 
the assignment ev\(v h ) = t> A W for each h G V. 

4.2. Shapovalov forms. 

Definition 4.5 ([Lull §3.4.5]). For A G V, the Verma module is a left U v -module 

M(A) = U v /(£ U ^ h - vMh) ) + E ^ e ^- 
hep ie/ 



Remark 4.6. In virtue of Proposition 14. 3[ as a U v -module M(A) is free of rank 1 and we 
see that M(A) has a proper maximum {7„-submodule K(X). We reserve the symbol (p\ for 
the [/"-linear isomorphism (fx '■ U~ —> M(X),u u + X^gp 

Definition 4.7. For X EV, we define an irreducible U v -module V(X) = M(X)/K(X). 
Proposition 4.8. Let us take X E V. 
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(a) There exists a unique non- degenerate symmetric k-bilinear form (, )sh : V(X) x V(X) — > 
k (called the Shapovalov form) such that (1 A , l A )sh = 1 and (uv,w)sh = (v,cr(u)w)sh 
for all v, w G V(A) and u G U v , 

(b) There exist unique bi-additive non- degenerate maps (,}qsh : V(X) x V(X) — > k and 
(, )RSh : V(X) x V(X) ->■ k sucfc &<rf /or a// X G {QSh, RSh} 

(i) (aw 1 ,w 2 )x = o-(a)(w 1 ,w 2 )x ! (w 1 ,aw 2 )x = a(w 1 ,w 2 )x and (w h w 2 ) x = cr({w 2 ,Wi) x ), 

(ii) (lx,Wx = 1 and (uw h w 2 ) Q sh = (w l7 Q(u)w 2 ) qsu, (uw h w 2 ) QS h = (wi,T(u)w 2 ) RS b- 
for all Wi,w 2 G V(X), u G U v and a G k. 

Proof. All cases are similar and standard. Let X G {Sh, QSh, RSh} and put H = a, f2, T 
according to X = Sh, QSh, RSh respectively. We just sketch the constructions of (, )x 
since they are needed in the proof of Proposition 14.161 

Define (,)' x : M(A) x M(A) -> k by (^Wx = ev A (HC(S(^ 1 ( Wl ))^ 1 («; 2 ))). Then, 
we see that Rad((, )' x ) = K{X) and (, )' x decent to (, )x '■ V(X) x V(X) — >■ k which satisfy 
the desired conditions. □ 

4.3. Lusztig lattices. 

Theorem 4.9 ( |Lusl Theorem 14.4.3], [Lus2[ Theorem 4.5]). Let Uf be an ^/-subalgebra 
generated by {e\ n \ f^^Kf 1 \ iel,n>0}. Then, Uf is an srf -lattice of U v . 

Definition 4.10 ( |Lusl §3.5]). A U v -module M is called integrable 

(i) M = @ V&] *M V with dimMj, < +oo where M v = {m G M | V/i G V v ,v h m = v u( - h) m}, 

(ii) for any m G M and i E I, there exists some n > such that f™m = e"m = 0. 

Remark 4.11 ( |Lusl Proposition 3.5.8, Proposition 5.2.7]). It is well-known that 

(a) for A G V, V(X) is integrable if and only if A G V + . 

(b) for A G V + , the set of weights P(A) := G h* | V(A) M ^ 0} of V{X) is t^-invariant. 

Theorem 4.12 ([Lull Theorem 14.4.11]). Assume X G V + . Then, V{XY := Ufl x is 
an -lattice ofV(X) compatible with the weight space decomposition ofV(X). In other 
words, V(X)f := V(X) U n V{\)* ™ an s$ '-lattice ofV(X) u for all v G P(X) and we have 

v{\y = ® ue p(x)V(x)f . 

Definition 4.13. For X G V + and fi G P(X), we define Sh AiM = detSh^ G k x /v 2Z and 

Sh A M M = Sh^(A) = GM k , idkX (\/(A)„Sh,K(A)f ), 

QSh^ = QSh^(A) = GM k , rX (y(A) M ,QSh, V(A)f), 

RSh A M M = RSh^(A) = GM k , rX (V(A)„ RSh, V(A)jf). 

Remark 4.14. Theorem 14.91 and Theorem 14. 121 allow us to specialize the integrable high- 
est weight modules. For any ( 6 C x and A G V + , the specialized module V(X)\ V= ^ := 
®st V(X) is a module over L^| v= ^ := ®^ Uf where = C is an ^-module where 
v acts as the multiplication of £. 

Remark 4.15. For A G V + and £ G C x , y(A)| 1)=? is irreducible if and only if Sh AiM (£) 7^ 
for all G -P(A). Thus, for a generic £ G C x , V(A)| t ,=^ is irreducible. It is expected that 
V(X)\ V= £ is irreducible when £ is not a root of unity |Kas[ Problem 2]. 

Proposition 4.16. Let X G V + and take jj, G P(X). We may assume Sh^ = QSh^ and 
-DQSh^ = RSh^ for some diagonal matrix D all of whose diagonal entries belong to v z . 
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Proof. By the constructions mentioned in the proof of Proposition l4.8[ it is enough to show 
that we can choose an ■eZ-basis of V(A)ff as a subset of ■ ■ ■ / is n 1> | i<vj< s *n°>i,i el}- 

In virtue of |Lak| Theorem 6.5], it is possibk^. 

□ 

Corollary 4.17. For A G V + and fi e P(X), we have det QShjJ, = det RShjJ, in k x . 

Proo/. We may assume DQSh^ = RSh^ for some D with det D G v z Since tr QSh^ = 
r(QSh^) and tr RSh^ = r(RSh^), we easily see that det D = r(det D). □ 

Proposition 4.18. For A G P + ; i G / and /i G P(A), we maj/ assume QShj^ = QSh A 

Proof. Since V(A) is integrable, we have for each z G J mutually inverse linear operators 
TU = E,eP(x) T tl and T " + i = E, e P ( A)<?i on V(X) where (see §5.2]) 

I® : V(A)„ ^> ^(A) SiH , «, ^ £ (-l) 6 «r 6 /, (a M k) ^, 

a,6,c>0 
a— b+c=v(h{) 

a,6,c>0 
— a+6— c=u(hi) 

It is clear that we have {T^iv ), T^_ 1 (w))QSh = (v, ^i'+iW ,-i( w )))QSh = (v,w)<3Sh- 
Since (and T/' +1 ) preserves V(X)^ |Lusj Proposition 41.2.2], we are done. □ 

5. Shapovalov determinants of the basic representations 

5.1. Untwisted affine A,D,E case. Let X = (ajj)jj e / be a Cartan matrix of type 
A,D,E and let X = X^ be the extended Cartan matrix of X indexed by I = {0} U / as 
in Figured! Let (aj) i6 ^be the numerical labels of X in Figured] and let 6 = J2ieT a i a i- 

Remark 5.1 ( [Kacl §12.6]). Let W = W(X). We have 

(5.1) P(A ) = {wA -d8 | w G W,d> 0}(= {wA -d5 \ w G W/W ,d> 0}) 

Note that W/W = W{X) where W = {w G W \ wA = A }. 

We shall very briefly review the vertex operator construction of V(Aq), i.e., an ex- 
plicit realization of V(Ao) as the tensor product of a polynomial algebra and a (twisted) 
group algebra |FJ] (however, we will mainly refer |CJ] instead). Recall the Drinfeld new 
realization of U V (X) which gives loop-like generators |Dri] . 

Theorem 5.2. As a \i-algebra, U V (X) is isomorphic to the \a-algebra generated by {xf s | 
% G I,s G Z} U {/v | i G I,r G Z\ {0}} U {C^ 1 , P^ 1 , Aff 1 \ % G /} with the following 
defining relations. 

(a) C ±l are central and CC' 1 = C~ l C = DD' 1 = D^D = K.Kr 1 = Kr x K { = 1, 

(b) KiKj = A / A',. K.hj.r = h j>r Ki, K lX %Kr l = v ±a *x%, 

(c) DKi = KiD, Dh^D- 1 = v r h j>r , Dxf s D~ l = v r x± s , 

l ¥oi the basic representations of U V {A$), U v {A^_j), U v (A ^j ) , U v (D ( n ] ) , U v ( £>j+i) , U V (B^), we can 
choose such monomial -bases using combinatorial algorithms [LLT1 ILT1 IKKwj . 
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O a 8 03 
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a\ ai 03 04 05 as ai 1 2 3 4 5 6 4 2 

Figure 1. Finite and untwisted affine Dynkin diagrams of A,D,E. 



(d) Aii r , Ai jr , = 5 r+r ',o r , iLi 7 = dij : , 

TV — f 1 I) — t> 1 

(e) [/ii,±rj ^j )S ] = =t -^-X^ s±r , [hi t zp r , Xj >s ] = ± X j^s±r? 
l 1 / 1 • 6 t,8H-l J/ j,s / u x j,s' A i,s+l ~~ u x i,s x j,s'+l -^j.s'+l^j.s' 

(g) S^66i- ap , Zlr=(r < )eZ 1 - a P'j(-l) fc [ fc P9 ] X ^r 7r(1) ' ' ' X p,r 7r(k) X q,s X p,r 7r(k+1) ' ' ' X p,r w{ m) = > 
0<fc<l— a pq 

for all i,j,p, q G / wift p 7^ g and r, r' G Z \ {0}, s, s' G Z where we set ip~^ s = ip~ = /or 
s > 1 and £ t > Vf^^' = iff 1 exp(±(w - tr 1 ) ^ r >i ^,±r2 ±r )- 

Remark 5.3. Actually, as shown by Beck [Bee] (see also |BCPt Theorem 1]), we may 
choose the generators in Theorem 15.21 as particular elements in U V (X), some of them are 
constructed utilizing Lusztig's braid group action on U V (X) from the Chevalley generators 
of U V (X). Although we omit the construction, in the rest of this paper we assume this 
special choice for each generator in Theorem 15.21 The choice is used essentially in that 

(a) an i^-subalgebra generated by {(xf n ) r /[r]\ | i G I, r > 0} coincides with Uf^ |BCPl 

Corollary 2.2] where U+'^ = (ej r) | i G I,r > 0)^.^ and = (rf r) \ i G I,r > 
0).s/- a ig. This is used in the proof of Theorem 15.51 (ii), 

(b) we have Q(hi t ± r ) = h i Tr for i 6 / and r > 1 [BCPj Lemma 3]. This will be used in 
the proof of Theorem 15.61 

Remark 5.4. Let U~(0) be the k-subalgebra of U V (X) generated by {h^- r \ i G /, r > 1}. 
Clearly, it is a commutative algebra. In virtue of |BCPl Proposition 1.3], {hi_ r \ i G /, r > 
1} is algebraically independent over k. 

Theorem 5.5 ( |CJ[ Theorem2, Theorem 3]). Let Q = @ v ^{La v be the root lattice of 
X. We can put a U V (X) -module structure on a \a-vector space V := U~(0) ®k k[Q] by 
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extending the following assignment of action on V 

hi—s (hii—ri ' ' ' h-ij-Tj ® e ^) = hi,— s^ii,— ri ' ' ' ^Hj,—rj ® ^ j 

m,s \hi 1 ~r 1 ■ ■ ■ •Hj—rj e ) — y hi x — ri ■ ■ ■ hi k _ 1 _ rk _ 1 - hi k+u — Th+1 ■ ■ ■ hi j - rj ( 

o 

k=l 

to all the generators in Theorem \5.S\ and can obtain a U V (X) -module isomorphism ip : 
V V(A ) such that 

(i) ipihi^ ■ ■ ■ hy,- rj ® e?) G V(A ) Ao _ p _ {j: ^ rk+imms , 

(ii) ^[Pr \iel,r> 1]®^{Q\) = V(A )^ where l+Y. r >i = e*p(E,>i ^f^ 
Here (i u ■ ■ ■ G P, (r u ■ ■ ■ ,r 5 ) G = £ pe/ o p " P e Q, i G /, s > 1, (3) = 
E P g e/ b p a pq bq and we regard Q as an additive subgroup of the weight lattice V of X. 

Theorem 5.6. Let X = (aij)i t jeJ be a Cartan matrix of type A,D,E and let X be the 
extended Cartan matrix of X indexed by I = {0} U I as in FigureUi We have 

d 

Sh AotWAo „ d5 (X) = n(det[X],) E *^H^ 



in k*/v 2Z for allw eW and d > where N x = U u >i ( m "S{l) hl ) and [X] s = ([ay],)^/. 



Proof. By Proposition 14.161 and Proposition I4.18[ we shall calculate det QSh Ao A() _ d(5 (X) 
instead of Sh\ 0:W A ^ds(X). By Theorem 15.51 we see 

(i) V{A ) Ao - dS has a k-basis {h' iu _ n ■ ■ ■ % ®e° \ (i t ) G P, (r t ) G N J + with J^Li r k = d}, 

(ii) V(A Q )f o _ dS has an ^-basis {Pr^ ■ ■ ■ ?r r .®e | (i e ) G P, (r e ) G W + with ^Li r k = d}, 

where h' i ±r = h i: ± r /[r] for i £ I and r > 1. Note that 1 + E r >i -^r^ = ex P(E r >i ^, 
Since f2(/i^_ r ) = ^ r (see Remark [5. 3 p and 



(sh' is ) (/^ • • • h\._ r . e°) = 5 s,r k [ai,i k ]sh' h _ ri • • • ^ t _ lrrt _ 1 ft' +lrrH1 • • • /i- 



fc=l 



we can apply Corollary EH and get det QSh^ o Ao _ d5 (A) = nf=i(det[A] s ) E ^ p -( d > T^T^. 

□ 

Corollary 5.7. Lei go be a finite- dimensional simple simply-laced complex Lie algebra. 

(a) If £ G C x zs not a root of unity, then V(Ao)| v =f irreducible. 

(b) Let go = 0pO and let £> 1. V^Ap) l t ,_ cxp ( a*y=i\ irreducible if and only if 

(i) gcd(£, 2ra) = 1, 2 w/ien X = A n _i /or n > 2, 

(ii) £ ^ 4Z ^resp. 3Z, ^ 4Z, £ 60z) w/ien X = D n for n > 4 fresp. E 6 , E 7 , 

Proof. The specialized module is irreducible if and only if (det[X] fc )|„ = g 7^ for all k > 1. 
Type by type, det([X] x ) is given by det(K_ 1 ] 1 ) = [n], det([D ro ] 1 ) = r- m $4(r)$ 4 (r m - 1 ), 
det([E 6 ] 1 ) = r' 6 $3(r 2 )$ 24 (r), det([£7 7 ]i) = r- 7 $ 4 (n)$ 3 6^), det([E 8 ] 1 ) = r- 8 $ 60 (r) for 
n > 2, m > 4 where $j(x) G Z[x] is the j-th cyclotomic polynomial. □ 
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Figure 2. Twisted affine Dynkin diagrams of A,D,E. 

Remark 5.8. Let k be a field of characteristic p > 2. DeConcini-Kac-Kazhdan proved 
that the modulo-p reduction k ®i K(A ) Z of the basic g - m °dule V(A ) where V(Aq) z is 
the Kostant Z-form of V(Aq) remains irreducible if and only if detX ^ in k |DcKK), 
Corollary 3.1]. Corollary 15. 71 can be seen a quantum analog of DeConcini-Kac-Kazhdan's 
result. Note that when X = Es the modulo-p reduction preserves irreduciblity for any 
prime p > 2 because detE$ = 1. Since the quantum characteristic min{A; > 1 | [A;]| w= ^ = 
0} takes arbitrary value > 2, quantum case is more subtle than the classical case. 

5.2. Twisted afRne A,D,E case. Let X = (a i j) i Jg f = { £ } U/ be a twisted affine GCM as 
in Figure [2] where e = £ if X = A^} and otherwise e — 0. Let 5 = ^2 ie f ai&i where {ca) i& f 
are the numerical labels of X. As in untwisted cases (see Remark 15.11) . it is known that 
P(A e ) = {wA £ -d5\we W(X), d>0} [Kacl §12.6]. 

We discuss on Sh^ S7W A e -d5(X) and give a conjectural formula for it. Our motivation 
comes from the fact that the Cartan determinant of a faithful p-block of the Schur double 

(2) 

covers of the symmetric groups coincides with ShA f , w A f -d<5(^4p_i)|?;=i for suitable w 6 
W{Af\) and d > when p = 2£ + 1 is an odd prime |BU2l Theorem 5.6]. 

Definition 5.9 ( [BKMl §2.2]). We define {n} s = v ZX\l%l-T ( e **) f or n,s>l with 
n ^ 2Z. Aote i/iai {rz} s |„ = i = n if s is odd, but {n} s \ v= i = 1 if s is even. 

Recall Theorem 15.61 stating that for p > 2, we have ShA 0lW Ao-d<5(^i-i) — nf=i[p]^' i ' s ' P 
for all w G and d > where N pAs = E XePar{d) # (^Jf 2 )- 

Conjecture 5.10. Let p > 3 be an odd integer and put £ = (p — l)/2. We have 

ShA^-^K 2 -!) = nti {P}s 1 ^ for all «; e W^i) and d > 0. 

Remark 5.11. Conjecture 15.101 should be proven similarly as Theorem 15.61 if we have 

(a) a proof of Drinfeld new realization of U v (A^_j) (see |Drij ). 

(b) a proof of vertex operator construction of ^(Ap^jJ-module ^(A( p _i)/ 2 ) (see |Jin[IJM] ). 

(c) a good choice of Drinfeld loop-like generators which affords us the Lusztig lattice in 
terms of Drinfeld generators (a candidate is the PBW generators in |BeNa] ) . 

However, (a) is not achieved so far in general (thus, logically (b) nor (c) neither). See 
also the introduction of [Her]. 

Remark 5.12. In virtue of |Aka| Appendix B] and |Jint IJM] . we can prove Conjecture 
15.101 when p = 3 by a similar argument of \CJ\ Theorem 3] and Theorem 15.61 
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Conjecture 5.13. For a twisted affine A,D,E diagram X = XP (where r > 2), we assign 
the quantities n, k G N + and a, ft G srf as follows. 





41i(n>3) Ag(n>l) 


0$i(n > 1) 


4 2) 


Df 


n 


n n 


n 


4 


2 


jfc 


n — 1 n 


1 


2 


1 


a 


[2] n [2n + l] su 


[2]n 


{3} 2 


[3]» 


/? 


[n] [2n + 1] 


[2] 


[3] 


[2] 



Here for an odd integer p > 1, we define [p] su = (t> p + t> p )/(f + v l ). Note that for an 
even integer m > 2, we have {p} m = |p] su |i;=u m - Put 

{a\ v=v s (s G rZ) In (s G rZ) 

then, for all w G and d>0we have ShA e ,„,A £ -d<5(X) = l~lf=i 7x1i' d ' s where 

AePar(d) • /A,S i>l V n 7 

Remark 5.14. Assume Xjy = {B i j) i - e j ^ for simplicity. Let X^r = (Aij) it j E j with 
| J| = N and let /i : -^^X^ be a Dynkin diagram automorphism of order r such that 
the folding procedure to (X N ,/i) gives X^ (See |Kac[ §7. 9, §8]). In the procedure, I is 
identified with the set {{^ k (j) \ k G Z/rZ} | j G J} of yU-orbits of J. We take a map 
s : / — > J such that % corresponds to {/i (s(i)) \ k G Z/rZ} for all i G J. 

For z G /, we put di = / ctj where a^ 7 be the numerical label of the Langlands dual of 
Xj^ . Note that we have di = r/|{/i fc (s(i)) | G Z/rZ}| for i & I. For £ > 1, we define 
I(t) = {z G I | t G djZ}. Then, the quantities in the above table are designed to satisfy 
(see also |BE2 §5]) / X)t = \I(t)\ and detF^ = 7x , t where F« = ) iJem and 

y (t) _ Efcgz/rz exp(^^t£;) [A s{i) ^k {s{jy) }t 

Remark 5.15. Let k be a field of characteristic p > 2 and let X — X^ be a twisted 
affine A,D,E diagram. Under the assumption that r ^ in k, DeConcini-Kac-Kazhdan 
proved that modulo-p reduction of g(X)-module V(A e ) remains irreducible if and only if 
det X ^ in k [DcKKl Remark 3.1]. Conjecture 15. 131 predicts an answer for Kashiwara's 
problem (see in §l.ip when g = g(X) and A(c) = 1 and it can be seen as a quantum 
analog of DeConcini-Kac-Kazhdan's result. 

6. Graded Cartan determinants of the symmetric groups 
Recall that in this paper, we work in the field k = Q(y ) and its subring stf = Z[u, v" 1 ]. 
6.1. Graded representations. 

Definition 6.1. Let A be a finite dimensional algebra over a field ¥. 

(a) We denote by Mod (A) the abelian category consists of finite dimensional left A- 
modules and A-homomorphisms between them. 
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(b 



(d 



(f 



(b) We define the Cartan matrix Ca of A to be the matrix (JPC(D) : D']) D D > e \ rr ^ Mod ^)) G 
Mat|| rr (Mod(A))|(^) where PC(D) is a projective cover of D. 

Definition 6.2. Let A be a graded finite dimensional algebra over afieldF, i.e., A has a 
decomposition A = Q) ieZ Ai into F-vector spaces such that A{Aj C A; +J - for all i,j G Z. 

We denote by Mod gr (A) the abelian category consists of finite dimensional left graded 
A-modules and degree preserving A-homomorphisms between them. 
We denote by Proj gr (A) the abelian category consists of finite dimensional left graded 
projective A-modules and degree preserving A-homomorphisms between them. 
For an object M = @ i& Mi in Mod gr (A) and k G Z, we denote by M(k) the object 
in Mod gr (A) such that (M{k)) n = M k+n for all n G Z. 

For k G Z, the assignment (M — > N) i — >■ (M(k) — > N(k)) is obviously an autoequiv- 
alence both on Mod gr (v4) and Proj gr (v4) which we denote by (k) . 
We define the graded Cartan pairing ua '■ Ko(Proj gr (v4)) x K (Mod gr (v4)) — > srf by 

{[P], [M]) i— ► J2 keZ dim v Eom A {P,M(k))v k . 

We define the graded Cartan matrix C\ of A to be the matrix 

D,Z>'elrr(Mod gr (A))/~ G Mat |lrr(Mod gr (A))/~| 

where PC(D) is a projective cover of D in Mod gr (A) and M ~ N if and only if there 
exists k G Z such that M(k) = N in Mod gr (A). 

Remark 6.3. If F is a splitting field for A, then C\ = tT {u A (PC{D), PCp'))) DD , elrr(Modgr(A))A 

Remark 6.4. Both K (Mod gr (74)) and K (Proj gr (v4)) have j^-module structures via v = 
[(— 1)]. oja is r-sesquilinear in that ua(vo, b) = f _1 a; y i(a,6) and cuA{a,vb) = vuA(a,b) for 
all a G K (Proj gr (A)) and b G K (Mod gr (A)). 

Remark 6.5. Let C± and be the graded Cartan matrices of A according to different 
choice of representatives of lrr(Mod gr (A))/ ~. Then, there exists a diagonal matrix D 
all of whose diagonal entries belong to v" 1 such that C\ = T( tr D)CiD. Thus, the graded 
Cartan determinant det C\ is well-defined. 

Remark 6.6. It is a routine to prove that the natural map which forgets the grading 
gives a bijection lrr(Mod gr (A))/ ~ ^ lrr(Mod(A)) and C\\ v=1 = C A . 

6.2. The Khovanov-Lauda-Rouquier algebras. 



Definition 6.7 ( [Roul §3.2.1]). Let ¥ be a field and let I be a finite set. Take a matrix 
Q — (Qij( u , v )) ^ Mat/(F[w, v]) subject to Qa = 0,Qij(u,v) = Qji(v,u) for all i,j G /. 

(a) The KLR algebra R n (F;Q) for n > is an F-algebra generated by {x p ,r a ,e u | 1 < 
p < n, 1 < a < n, v E I n } with the following defining relations for all fi, v G I n , 1 < 
PiQ <n, 1 <b < a < n — 1. 

* &ljfiv 0~{j,u£-fj,i 1 y^^e Jn ■Ep%q •Eq'Epj ■Ep&fj, C^Xp, • T a Tf, T b T a \o b\ > 1 ; 

* 7~ a &i/ Qv a ,u a+1 (%a, ■Ea+lJ^v; ^a^fj, 6 S(l (^)T a , • T a Xp %pT a if P CI, O -|- 1, 

* \J~a^a J r% ^ ' aTa)&v (^a+l^a TaXgJG^ ^u a ,u a +i^u > 

* (n+inn+i - nn+in)e u = S UbtUb+2 ((x b+2 -^) _1 (^ mi (%2,%i) - Qu b ,u b+1 {xb,x b+ i)))e u . 

(b) For (3 = E i6 iA-» e N[/] withn = ht(/3) := £ i6/ ft, we define Rp(¥;Q) = R n (F;Q)e f} 
where e p = £„ eS eq(0) e » and W/ 3 ) = {{ij)j=i e J " I E?=i h = f 3 }- 
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(c) For X = Xi-ie N[T] and (3 G N[J] n = ht(/3) ; we de/me 

i£(F; Q) = it> n (F; Q)/i? n (F; Q)(£„ 6JW x^e,)i? n (F; Q), 

i$(F;Q) = ^(F;g)/ J R /3 (F;g)(E, e se q(/3 )^ 1 e,) J R /3 (F;g). 

As a consequence of PBW theorem for the KLR algebras |Rout Theorem 3.7], we see 
that {ep | ht(/3) = n} exhausts all the primitive central idempotents of i? n (F;Q). It is 
not difficult to see that both -R„(F; Q) and Rg(¥; Q) are finite dimensional F-algebras. 

Definition 6.8 (JRouJ §3.2.3]). Let A = (ay)»i?'e/ be a symmetrizable GCM with the 
symmetrization d = (di) ie j. Take Q A = (Q^(u,v)) G Mat/(F[it, v]) subject to 

Qti(u, V) = 0, Qfj(u, v) = Qfi(v, U), tij,_ay,0 = t jjij0 ,_ay ^ 

/or all i,j G / w/iere Qfj(u,v) = J2 p,q>o t ijpq u p v g . 

pdi+qdj=-dia,ij 

For n > and A, /3 G N[J] with ht(/3) = n, all of -R n (F; Q A ), Rp(W; Q A ), R*(¥;Q A ), 
Rp(¥; Q A ) are Z-graded via the assignment where v G J n , 1 < p < n,l < a < n. 

deg(e v ) = 0, deg(x p e„) = 2d Up , deg(r a e u ) = -d Va a Va>Va+1 . 

Theorem 6.9 ( |KKa] ) . Let ¥ be a field and let A be a symmetrizable GCM. Then, we 
can put a Uf (A) -module structure on ®„ >0 K (Proj gr (i?^(F; Q A ))) and it is isomorphic 

to v{xy. 

6.3. Graded Cartan determinants of the symmetric groups. Recall that lrr(Mod(Q(3 n )) 

is identified with Par(n). For A G Par(n) we denote by xx the corresponding charac- 
ter. It is characterized by p p = E AePar ( n ) Xx(C p )s\ in the ring of symmetric functions 
A = ©„>o ^ m m > o ^[^l; ' ' ' ) x m]n m - Recall also that any field is a splitting field for & n . 

Definition 6.10. Let £ > 2 be an integer. 

(a) For each n > 0, we denote by Bl^(n) the set of tuple (p, d) where p is an i-core and 
d > is an integer such that \p\ + id = n. 

(b) For (p,d) G Bl^(n) ; we denote by B Pt d(C Par(n)) the set of partition X of n whose 
[-core of X is p. 

The following is well-known classification of p-blocks of the symmetric groups due to 
Nakayama-Brauer- Robinson. 

Theorem 6.11. Let p > 2 be a prime and let X, p G Par(n) be partitons of n > 0. The 
ordinary characters xx a> n d X/j. belong to the same p-block if and only if X and p have the 
same p-core. 

Definition 6.12. Let p > 2 be a prime. For (p,d) G B\ p (n), we define 

(a) e p4 = ExeB Ptd T ^ ge e n Xx(g)g-\ 

(b) f3 p> d = J2 x e p res ( x ) + d ■ J2y&/ P z V e N[Z/pZ] where XL gp means that x runs all the 
boxes of p and res(x) = j — i + pZ when x is located at i-th row and j-th column. 

Remark 6.13. e p> d is defined as an element of Q6 n - Thanks to Theorem 16.111 we can 
regard it as an element of ¥ p & n and it is a primitive central idempotent of F p (3 n . 



GRADED CARTAN DETERMINANTS OF THE SYMMETRIC GROUPS 

Definition 6.14. For £ > 2, we define Qe £ Matz/«(Z[w, v}) by 
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r -(u-v) 2 (£ = 2 andi^j) 



(6.1) 



(Qe 



'i,3 



±(v-u) (£ > 3 and j = i ± I) 
1 (£>3 and j ^i,i±l) 

v (otherwise). 

For a field ¥, we denote by Qj £ Matz/®(F[it, u]) i/ie natural image of Qe- 

Theorem 6.15 ( |Rout IBK2] ). Let ¥ be a field of characteristic p > 0. Then, as F- 
algebras we have e P: d¥& n e P: d — Rp° d (¥;Qp) for (p,d) £ B\ p (n). Especially, we have 
F6„!*i#»(F;Qj). 

It is known that the grading comes from Theorem 16.151 quantizes Ariki's categorifica- 
tion n>o K o (Proj(F6 n )) 2* V(A ) Z [BKT] . Moreover, we have a compatibility of the 
Shapovalov form and the graded Cartan pairing. 

Theorem 6.16 ( [BK3[ Theorem 4.18]). Let¥ be an algebraically closed field and leti >2. 
For any X £ V + of Af} lt there exist U f {A^}^) -module isomorphisms 5 and e which makes 



V(X) 



?n>0 



K (ProL(^)) 



V(X) 



' ' ^ n > K (Mod gr (^)) 
a commutative diagram. Moreover, the following diagram 

j * RSh \v(\)^xv(\y 



v{xy ®^v(x) 



7n>0 



<5®£~ 



K (Proj gr (^)) 



>W W n >0 



K (Mod gr (^))— ^ 



commutes. Here we abbreviate R^(¥;Qj) to and 

(i) V(\)*>* = {v £ V(X)\Vw £ V(\)",(v,w)x e ^} where X £ {Sh, QSh, RSh}. The 
right hand side does not depend on the choice of X £ {Sh, QSh, RSh}. 

(ii) a is the canonical inclusion V(X) J2/ <^-> V(X)^>*. 

(iii) b is a natural map induced from the forgetful functor Proj gr (i2^) — > Mod gr (i^). 

Remark 6.17. The presentation of Theorem 16.161 is misleading. A crucial point of the 
proof is that is isomorphic to the Ariki-Koike algebra or its degeneration |BK2l iRou] . 

Definition 6.18. Let £>2. We define C v iA = QSh^^^A^) for w £ W{Af\) and 
d > 0. C\ d does not depend on the choice of w as in Proposition \4-l£\ and C v ld is related 

(^2-i) ^ n ^e sense of Proposition 4-16\ and Corollary 4-1' 



with RShl, rA „ M < < 



By combining Proposition 14 . 1 61 Corollary I4.17[ Theorem 15.61 and Theorem 16.161 we get 

the graded Cartan determinants of the symmetric groups. 
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Theorem 6.19. Let ¥ be a filed of characteristic p > 0. For each (p,d) G B\ p (n), we 
have det C? dF6n6o d = det C*, = flti [p]f P ' d ' s where 



N P,d,s 



\- rn s (X) (m u {\) + p - 2\ \ ^ . 

L T^tIH m u (X) = 22 m 'M- 



AGPar(d) u>l (X^ eP 3 r p ^(d) 

6.4. Graded Cartan determinants of the Iwahori-Hecke algebras of type A. 

Definition 6.20. Let R be a commutative domain and take q G R. The Iwahori-Hecke 
algebra of type A with a quantum parameter q is an R-algebra H n (R;q) generated by 
{Ti | 1 < % < n} and obeys the following defining relations. 

(T b + l)(T b - q) = 0, T a T a+1 T a = T a+1 T a T a+1 , T b T c = T c T b 

where 1 < a < n — 2 and 1 < b, c < n with \b — c\ > 1. 

Definition 6.21. For £ > 2, we fix a field kg which has an l-th primitive root of unity rji. 

Remark 6.22. For £ > 2 and n > 0, it is known that 

(i) kg is a splitting field for 'Kjykf, f}t) (see [Don) §2.2]), 

(ii) Bl^(n) parametrizes the set of all primitive central idempotents of H n (kf, rji). 

Concerning Remark 16.221 (HI)), for (p,d) G Bl^(n) we denote by e' d the corresponding 
primitive central idempotent of T-L n (ke;rie) as in |DJ| §5]. The choice is the same as 
in |Rov4 IBK2j based on the Jucy-Murphy elements. 

Theorem 6.23 ( [Rou[lBK2] ). Let£ > 2. Then, as k^-algebras we havee' pd H n {kf,r]^)e' pd = 
Rp° d {ki)Q\ l ) for (p,d) G B\ p (n). Especially, we have 1-ln{ke',Ve) — ^■n'i^i'iQ/)- 

By the same arguments as for Theorem I6.19[ we get the following. 

Theorem 6.24. For £ > 2 and (p, d) G B\ e {n), we have det C v e , dUn{kim y d = ULii^'^ ■ 

Remark 6.25. Let £ > 2 and assume char ke = 0. In virtue of the graded version of Ariki's 
theorem [BK3| Corollary 5.15] and the graded Brauer- Humphreys reciprocity |HM| The- 
orem 2.17], we have C e' pd u n (h m W pA = tTD p4 D P ,d where D P)d = (dx,^{v))xeB p , a ,^B P)d nRPt(d) 
and RPe(d) is the set of ^-regular partitions of d. Recall that we have the Fock space repre- 
sentation 7 = AePar k|A) of U v {Af\) due to Hayashi and Un>o{ G (/ i ) := XaePar(™) rf A, M (^)|A) 
/i G RP e{n)} is Lusztig's canonical basis (also known as Kashiwara's lower global basis) 
of V(A ) = (see [ETT1 §6]). 

7. Conjectures on the graded Cartan invarinats of the symmetric groups 

7.1. Generalized blocks of the symmetric groups. In their paper [KQR] . Kulshammer- 
Olsson-Robinson initiated the study of generalized blocks for finite groups. 

Definition 7.1 ( [KOR| §1]). Let G be a finite group and let & C G be a subset of G 
invariant under conjugation, i.e., a union of conjugacy classes of G. Let C(G) be the set 
of complex-valued class functions on G with scalar product (a, (3)^ = |4- YlgeV a (9)^(d)- 

(a) For two ordinary characters ip, p of G, we say that if> and tp are directly ^-linked (and 
denote by ip ip) if (ip, <p)<^ ^ 0. Clearly, the relation r% is symmetric. 
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(b) A ^ '-block of G is an equivalence class of the ordinary characters of G under the 
equivalence relation which is defined as the transitive closure of the relation ~<g>. 

Remark 7.2. For G p > := {g G G \ ordc(g) p%} where ordc^) is the order of g in G, 
the notion of Gy-blocks coincides with the usual notion of p-blocks. 

Definition 7.3. Let £ > 2 be an integer. 

(a) A partition X is called £-class regular if no parts of X is divisible by i (i.e., m^(A) = 
for all k > 1). We denote by CRP^(n) the set of i- class regular partitions of n. 

(b) An t-block of & n is defined as a ^ -block for ^ = UAeCRP^n) ^>~(— ®n) where C\ is 
a conjugacy class of & n consists of elements whose cycle type is X. 

Theorem 7.4 ([KOR, Theorem 5.13]). Let i > 2 be an integer and let A,/i G Par(n) 
be partitons ofn>0. The ordinary characters xx and \n (see §ff. 3\) belong to the same 
i-block if and only if X and \i have the same t-core. 

7.2. Conjectures of Kiilshammer-Olsson-Robinson and Hill. For each ^-block B 
of G (see Definition 17. ip where ^ is closed (i.e., (x) = (y) implies y G ^ for any x G ^ 
and y G G), Kiilshammer-Olsson-Robinson assigned the Cartan group. 

Definition 7.5 ( |KORt §1]). Let G be a finite group and let ^ be a union of conjugacy 
classes of G which is closed. 

(a) We define two additive subgroups TZci^) andVci^) of C{G) by 

K G (tf) = span z { X r | X e Irr(CG)}, 
V G {<if) = K G (tf) n span z { x | X e Irr(CG)} 

where Irr(CG) is the set of ordinary characters of G and f g G C(G) is the class 
function that takes the same value as f onff and vanishes elsewhere for f G C(G). 

(b) The Cartan group Cartc(^) is Hg(^?) /Pg^) which is a finite group. 

We call the invariant factors of Cartel) the generalized Cartan invariants. When i = p 
is a prime and ^ = Gy, the generalized Cartan invariants are the usual Cartan invariants 
(i.e., the elementary divisors of the Cartan matrix Cjy G ). Recall that in the p- modular 
representation theory, Cartan invariants carry an information of certain centralizer groups. 

Theorem 7.6 ([BrNe, Part III, §16]). Let G be a finite group and let p > 2 be a prime. 
Take a set of representatives g 1: ■ ■ ■ of the p-regular conjugacy classes Ci, • ■ ■ C^ of G. 
The Cartan invariants of¥ p G is given by the multiset {| Syl p {Ca{gi))\ \ 1 < i < k}. 

In the case of G = & n and ^ = for i > 2, we may identify the Cartan group as 
Coker(Z®l RP ^")l ->• Z®l RP ^ n )l, x \-> xC Hn{kme) ) because of the following. 

Theorem 7.7 ( [Pont §2.2]). Let £ > 2. For any n > 0, there exist isomorphisms 9 n and 
( n such that the following diagram commutes. 

K (Proj(K(^;%))) -^PeM) 
K (Mod(ft n (fc £ ; m))) -f— n 6n (^t>) 

Definition 7.8. Let R be a commutative ring with 1. 
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(a) We say that two m x m matrices X, Y G Mat m (i?) are unimodular equivalent over R 
(and denote by X Y) if there exist P,Q G GL m (i?) suca £/iat X = PYQ. 

(b) For a matrix X and a multiset S both consist of elements of R, we abbreviate X = R 
diag(5) to X = R S where diag(S) = is a diagonal matrix with a multiset 
identity {su \ i G 1} = S. 

Definition 7.9. Let n > 1 and /e£ II be a subset of the set of all prime numbers. 

(a) We define pdiv(n) to be the set of prime divisors of n (when n = 1, pdiv(n) = $). 

(b) We define % to be the U-part of n, i.e., the unique positive integer nu such that 
n G nj{L and pdiv(nn) C II, pdiv(n/nn) D II = 0. 

For £ > 2 and (p, d) G Bl^(n), we put Cg^ := C^ d \ v= i (see Definition 16.181) . 

Conjecture 7.10 ( |KURl Conjecture 6.4]). Let £ > 2 be an integer. We define 

r*(A)= J] Wgcd(^fc))^ J -[^j! pd iv(,/ g cd(«)) 

for a partition A. Then, for n > 0, we have 

C i4 = z {r £ (A) | A G CRP £ (n)}. 

0,rf)eBI/(n) 

Remark 7.11. For n > 0, we may regard (P)d ) eB i £ (n) as 

GM k , T y(ffi , eP(x) V(\)„® MeP(A) QSh,V(A)^)=© M6P(A) QSh^A^). 

V ht(Ao— fi)=n ht(Ao— fx)=n J ht(Ao— n)=n 

Remark 7.12. Let p > 2 be a prime. Then, 

(a) p-regular conjugacy classes of & n is given by {C\ | A G CRP p (n)}, 

(b) the centralizer group C &n (g) for o G C A is given by fc > 1 (Z/A;Z) ? 6 mfc(A ). 

Let £ = Yl P epd\v(e)P r De a P r i me factorization of an integer £ > 2. Hill settled affirma- 
tively the KOR conjecture when r < p for each p G pdiv(£) [Hill Theorem 1.3]. In the 
course of the proof, Hill proposed a following refinent of the KOR conjecture into each 
^-blocks for | pdiv(£)| = 1. 

Definition 7.13. Let n > 1 and let £ > 2. We define ae(n) > 1 and vtin) > to be the 
unique integers such that ai{n)f l ^ n > = n and a^(n) ^ £'L. 

Conjecture 7.14 ([Hil, Conjecture 10.5]). Let p > 2 be a prime and let r > 1 be an 
integer. For a partition A we define a power of p by 

log p /p,r(A)= ((^-^W)"in(A) + ^L m n(A)/p < J). 

neN + \p r Z t>l 

Put £ = p r . Then, for each d > we have 

8=1 AePar(s) 

Hill proved that his conjecture implies the KOR conjecture. In fact, they are equivalent. 
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Theorem 7.15 ( [Hilt Theorem 1.2]). Let£ > 2 be an integer and define It(\) = n p epdiv(£) Ip,> 
for a partition A. If Conjecture \7.14\ ^ s true, then for each d > we have 

Gw^LJ U {h(X)} u{i ~ 2 ' d ~ s) - 

8=1 AePar(s) 

Corollary 7.16. Conjecture \7.10\ and Conjecture \ 7. 1J\ are equivalent. 

Proof. Let £ > 2 be an integer and let us assume Conjecture 17.141 is true. Then, we see 
that Conjecture 17.101 is true since Bessenrodt-Hill proved the multiset identity 

(7.1) {r e {\) | A G CRP,(n)} = U U U {ItW} u{£ - 2 ' d - s) 

(p,d)£B\ e (n) 8=1 AePar(s) 

for each n > [BH, Theorem 5.2]. 

Conversely, assume Conjecture 17.101 is true. For a prime p > 2 and an integer r > 1, 
we put £ = p r . It is enough to prove by induction on w > thatwe have Cg jW =% 
LT=i UAePar( s ){ / P,r(A)} u(£ ~ 2 ' u '~ s) . When w = 0, it is trivial. Because we have 

0"*(A) | A G QRP t {lw)} = 2 C M = Q, W © Ci 



/; ir (A) = ] [ [ [ ^+"p(*)-mpW] 



(p,d)eBl £ (^) (pf ,d)€B\ t {tw) 

d<w 

inductively we must have Cg >w =z |_j7=i UAePar(s){^p^(^)}"^~ 2,1i '~ s ' ) m virtue of (17. ip . Here 
we use an elementary linear algebra fact that, for a PID R and finitely generated R- 
modules X, Y and Y', X © Y = X © Y' as i?-modules implies Y = Y'. □ 

7.3. Gradation of Hill's conjecture. For integers a > and b > 1, we denote by a%6 
the remainder of a by 6, namely the unique integer < c < b such that a — c G 6Z. 

Conjecture 7.17. Let p > 2 be a prime and let r > 1 be an integer. We define 

m n (A) 
neN + \p r Z k=l 

for a partition A. Put £ = p r . Then, for each d > we have 

d 

cid^U U {C( A )r ( "~ 2,d " s) - 

8=1 AePar(s) 

Remark 7.18. We have 7" (A)|„=i = I p , r (X) for any A G Par. Thus, Conjecture 17.171 
implies Conjecture 17.141 Note that we do not necessarily have 7^ (Ai) G £/Ip r (\ 2 ) or 
7£ r (A 2 ) G ^/7^ r (Ai) for X u A 2 G Par(n) unlike at v = 1. 

Remark 7.19. In the setting of Conjecture 17.171 Conjecture 17.171 implies the following. 

(7.2) =qm-] U U {i;A x )} u(e ~ 2 ' d ' s) - 

s=l AePar(s) 

When r = 1, is the same as jASYl Conjecture 8.2 (i)] (see Remark f6~25|) . Al- 

though we could not prove (I7.2p . it seems tractable by an elementary method since we 

have Cl d sq^-xj UtiUA 6 Pa r( ,){n,>iMr (A) } u( ^ 2 ' d - s) which follows from the proof of 
Proposition 12.21 
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As a support of Conjecture 17. 17[ we prove that Conjecture [7T7] gives the graded Cartan 
determinants of Theorem 15.61 

Theorem 7.20. Let p > 2 be a prime and let r > 1 be an integer. Put I = p r . Then, for 
each d > we have the equality 

s=l s=l AePar(s) 

Remark 7.21. Ando- Suzuki- Yamada proved in [ASYl Theorem 4.3] that for any i > 2 

d d 

(7.3) n^ M ' s= n n q^t^ 2 ^- 

s=l s=l AePar(s) 

where Q t (\) := Un^vzUT^i^^Uk)- ^te that £ r (A) = Q r (X) when r = 1. 
Thus, Theorem 17.201 gives another product expansion of the graded Cartan determinants 
of the symmetric groups conjecturally comes from nice representatives of the unimodular 
equivalence classes of the graded Cartan matrices (but only when | pdiv(£)| = 1). 

Proof. In virtue of (17.31) . it is enough to prove 

(7.4) n n QA^ u{i ~ 2 ' d - s) =f[ n w^**-*- 

s=lAePar(s) s=l AGPar(s) 

Since [a b ] c = Y^i=A a \ca i - 1 for a, b, c > 1 and v p r(n) = \y p {n)/r\ , a p r{n) = a p (n)p Up( - n ^ %r for 
n > 1, it is enough to show the following multiset identity in order to prove (17.41) 

d m n (A) 

U U U U i ^) %r < t<r + ^)r ( *~ 2,d_s) 

s=l AeParO) nSN+\p r Z k=l 

(7.5) 

d m„(A) 

= U U U U WW I V M <t<r + v P (k)} u{i - 2 ' d - s) ■ 

s=l AePar(s) neN + \p r Z &=1 

Clearly, (17.51) follows from the following multiset identity 

m n (A) 

U U U {<hW i ^ <r + z/ P (fc)> 

AePar(s) n6N+\p r Z k=l 
m„(A) 

= U U U K w i ^) %r ^ t < r + ^ ( fc )> 

AePar(s) neN + \p r Z fc=l 

for s > 1 which follows from Proposition 17.221 □ 

Proposition 7.22. Let p > 2 be a prime and let r > 1 6e an integer. We have the 
following multiset identity for each d > 1 and u G N + \ pL. 



U U U HH)= U U U HWM- 

AePar(d) n>l l<fc<m n (A) AePar(d) n>l l<fc<m n (A) 

a p (k)=u a p (k)=u 

Before giving a proof, we need preparatory definitions. 
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Definition 7.23. For d > 1, we define maps cut^, Infl^ : Par — > Par by the following. 

(a) for k > 1, m fc (cutrf(A)) = m k (\) if k G" dZ, otherwise m k (cutd(X)) = 0. 

(b) £(\) = £(lnfl d (A)) and (lnfl d (A)); = d\ t forl<i< £(A), 

Definition 7.24. Let p > 2 be a prime and let r > 1 be an integer. Note that any integer 

a > 1 can be uniquely expressed as a = X][=o ai P % w ^ a " r - 1 — ® an ^ ® — a i < P f or 
< j < t — 2. Define the subset \l/^' r o/ Par(a) consists of all the partitions v such that 

(i) /or all < k < r , we have Y^h^k a hP hk — Sl=l m p h ( 1/ )P h ~ k > 

(ii) fewe EI=o a hP h = EI=o m p ,(^. 

Remark 7.25. \E^' r is characterized as the smallest subset of Par(a) such that 

(a) Define A(a) G Par(a) by m p i(A(a)) = a, for < z < r. Then, we have A(a) G \l/^' r . 

(b) For any A G \E r £ ,r and any < i < r with m;(A) > 0, define \i G Par(a) to be 

r 77ii(A) - 1 a = z) 

mj(fi) = <j m*_i(A) +p (j' = ^ — l) 
I rrij(X) (otherwise) 

for < j < r. Then, we have fi G ^a ,r - 
Thus, we have W/ = {A G CRP p ,-(a) | V/ G N+ \p N ,m f (\) = 0}. 

Proof. Because of Lemma 17.261 it is enough to prove the following multiset identity for 
each a > 1 and u G N + \ pZ. 

(7.6) U U U to(»)}= U U U WW- 

Ae*g' r n>l KKm„(A) Ae*g' r ™>1 l<fc<m n (A) 

a p (k)=u a p (k)=u 

For any < s < r, we define sets U\(s) and ^(s) as follows. 
Uiis) = {(A, j) G ^ x N | V < m p s(\)}, 

U 2 (s) = {(X,j,t) G xNx{0,-,r-l}|V< m p t(X),j -s G rZ}. 

Note that (JE5D is the same as Uo< s <r{ s } |C/l(s)l = Uo<s<r{ s } |l/2(s)l - Thus > ^ is enough to 
construct a bijection between £/i(s) and ^(s) for any < s < r. 
We claim that the map [^(s) — ► C^i(s), (A, j, t) h-> (/i, z) given by 

{m p t(A) — -up 7 (s 7^ t and w — t) 
m p s(\) + -up* (s and w = s) 
(A) (otherwise) 

where < w < r is well-defined. To see this, only non-trivial check should be to prove 
\l G v I/^' r when s > t. In order to prove this, it is enough to check (JI|) in Definition 17.241 
for v — ii and h = s. Since A G \E^' r , we have X]/i=l a hP h t > SI=t rr V (A)^ - *. Thus, 

r— 1 s— 1 r— 1 s— 1 



ji-t 



h=s h=t h=s h=t 

r—1 r—1 

> ^m ph {X)p h - s + m pt {X)p h - t > ^m ph (/i)/" s . 

h=s h=s 



24 SHUNSUKE TSUCHIOKA 

Since < p l ~ s J2h=^t a hP ht < P t ~ s J2h=^t(P ~ -0 ' P h t = 1 ~ P t s < 1> we are done. 
Similarly, we see that the map Ui(s) — > U 2 (s), (fi,i) H- (A, j,t) given by 

{m p t(n) + upP (s y^t and w = t) 
m p s(n) — up 1 (s 7^ t and w = s) 
(fi) (otherwise) 

is well-defined. Clearly, it is a converse of the map ^(s) — » £7i(s) above. □ 

Lemma 7.26. Let p > 2 be a prime and let r > 1 fre an integer. For each al > 1, the 
multiset S^' r := {cut p r(A) | A G Par(d) such that cut p r-(A) 7^ </>} has a decomposition of the 
form S p / = U^Sort(n jeJi Infl^C*^)) such that 

(a) I is a finite non-empty set and { Jj | i G 1} is a family of finite non-empty sets, 

(b) ay > 1 and G N + \ pZ, for i G I and j G Jj ; 

(c) for any i G I and j ^ f G J i; ta£;e A G Infl^^f - .) and /i G I nf 1^ ^ Tnen, we 
nai>e either rrif(\) = or rrif({i) = /or all f > 1, 

(d) Sort : Par* — > Par zs a map taai maps a finite sequence of partitions (X^) ge a to a 

partition fj, such that {/jf | 1 < / < £{fj)} = |_I S £g{^/ I 1 — / — £(^ 9 ^)} as multisets. 

Proof. Let A be a non-empty partition. Clearly, L = {1, • • • ,£(X)} has a decomposition 
of the form L = \_\ keK L k such that 

(i) for any k G K, we have L& 7^ and there exists a unique d k G N + \ such that 
Xj G d^Z and Xj/d k G p N for all j 6 Lj., 

(ii) for any k 7^ A;' G if, we have d^ 7^ d&/. 

Put A^ = Sort(((Xj/dk))jeL k ) f° r k <E K. As in Remark |7.25[ there exists a unique 
a k > 1 such that A^ G Thus, we have A G Sort(n fceX lnfl dfc (^ r )). 

From this construction, we see that CRP p r(d) has a decomposition of the form CRP p r(d) = 
□ igJ Sort(]l jg Jt lnfl diJ .(^ r .)) that satisfies (jaj), ® and (p) for each d > 1. 

Because we have S"J r = \_\ Q<e<d / p r CRP p r(d — p r e)' Par(e ' ) ', we are done. □ 

7.4. Gradation of Kiilshammer-Olsson- Robinson's conjecture when £ = p r . By 

the same reason to consider a gradation of Hill's conjecture (see §1.31) . we want to consider 
a correct gradation of the KOR conjecture. Though we could not find it in general, we 
propose a gradation of the KOR conjecture only when | pdiv(£)| = 1. 

Conjecture 7.27. Let p > 2 be a prime and let r > 1 be an integer. Put i = p r . Then, 
for each n > 0, we have (Pid)e Bi £ („) Q,d =** { r p,rW I ^ e CRP £ (n)} where 

r P,rW=u ri r^V) • ^ (t) w^ = n n ^^x^^- 

k>\ t=l k>\ t=l 

Remark 7.28. When r = 1, Conjecture 17.271 implies |ASY[ Conjecture 8.2 (ii)] which 
predicts 0( M)eB i p (n) C l,d =Q[v,v-^} {^(A) | A G CRP p (n)} for n > and a prime p > 2. 

Proposition 7.29. Conjecture \7.17\ implies Conjecture \7.27\ More precisely, we have the 
following multiset identity for each r, n > 1 and a prime p > 2 where £ = p r . 

d 

U U U ^IrWV^ 24 '^ = K, r ( A ) I A G CRP ^^)}- 

(p,d)eBI^(n) 8=1 AePar(s) 
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Proof. Since r^ r {\) = Ip r (red^(A)) and Ip r (X) = Ip r (cufy(A)) for any partition A where 
m,k(rede(\)) = [ra&(A)/£j for all k > 1, Proposition 17.291 follows from Lemma [7.301 □ 

Lemma 7.30 QBH, Lemma 5.5]). Let £ > 2 be an integer. We have the multiset identity 

d 

|_| |_l U { cut KA)}" ( '- 2 ' d - s) = {red £ (A) I A G CRP,(n)} 

(p,d)£B\ e (n) s=l AePar(s) 

/or any n > 0. 
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